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For each f continuous on the interval 7, let B,(f) denote the best uniform
polynomial approximation of degree less than or equal to n. Let M, (f) denote the
corresponding strong unicity constant. For a certain class of nonrational functions
F, it is shown that there exist positive constants ¢ and £ and a natural number N
such that an < M, (f) < fn for n > N. The results of the present paper also provide
concise estimates to the location of the extreme points of f— B,(f). The set F
includes the functions f,(x) = e®*, a # 0.

1. INTRODUCTION

Let C(I) denote the space of real valued, continuous functions on the
interval I = [—1, 1], and let IT, = C(I) be the space of polynomials of degree
at most n. Denote the uniform norm on C(J) by || - ||. For each f€ C(I) with

best approximation B,(f) from II,, there is a smallest constant M,(f/) >0
such that, for any p€ I7,,

2 = B,(N< MU~ 2l = 1= B (N (1.1)

Inequality (1.1) is the well-known strong unicity theorem {3, p. 80|, and
hereafter M,(f) is defined to be the strong unicity constant.
The behavior of the sequence

{M ()} a0
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has been the subject of several recent papers. In addition to the references of
the current paper the interested reader is directed to a recent survey by
Bartelt and Schmidt [1] and the references of [5, 7).

In the present paper the authors consider the order of the growth of M, (f)
as function of the dimension of the approximating space II,.

DEfFINITION 1. Let f€ C(J), and suppose there exist positive constants a
and f, a natural number N, and a positive real-valued function ¢ with domain
the natural numbers satisfying

ac(n) <M, (f) < fe(n) foralln> N.

Then M, (f) is said to be of precise order c(n).

In [5] it is shown that if f(x)=1/(x—A), 1 > 2, x € I, then M,(f)} is of
precise order n. Henry and Swetits have subsequently established that M ,(f)
is of precise order n for every rational function f of a particular type |9].

A primary objective of the current paper is to find the precise order of
M., (f) for f(x) =e* and for every function in a related class of non-rational
functions.

Another main objective is to concisely estimate the extreme points of
e, (f)=f—B,(f) for the class of non-rational functions alluded to above.

Several residual observations relating to interpolation are also made.

2. PRELIMINARIES

For f€ C(I), e,(/)(x) =/ (x) — B,(f)(x). Let
E ()= {x€L:|e,(NHx) = e N}

be the extreme points of the error curve e,(f). Given n + 2 distinct points
{x 12 S E (f), define q,, €11, i=0,..,n+ 1, by

qm(x)=sgne,(f)x,), Jj=0..,n+1,j#i,i=0,..,n+1 2.1

Similarly define Q,., €I, , by

Q.. 1(x;) =sgne,(f)(x;) Jj=0,1.,n+ 1 (2.2)
If E,(f) consists of precisely n + 2 points, then it is known [6] that
Mn(f)= max ”qm” (23)

0gign+1
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The following four theorems are fundamental to the ensuing analysis.

THEOREM 1 (Rowland [14)). Suppose for functions f and g that f**?

and g"*? are continuous on I and that f™*V and g'"*" are positive on I.
Let

—1<yo(8) <r1(8) < <yuya(8) <1
and

=1<y(f) <yi(f) < <ppai(N)K1

denote the extreme points of e, (g) and e,(f), respectively. If

g(n+2)(x) f(n+2)(x)

2™ 0 (%) < TG SJorallx €1,

then

y &) <yf) Jork=l,,n

Theorem 1 is actually a special case of Theorem 3.1 and Corollary 3.2 in
[14].
Now let
n+1-k)
n+1

, {, = cos (n ; k) 7. (2.4)

Z,=COS

Then z,, k=0,...,n+ 1 and {,, k=0,.., n are the extreme points of T,
and T,, respectively, where T; is the jth degree Chebyshev polynomial.
Suppose in addition to the hypotheses of Theorem 1 it is assumed that
F*3 > 0. Then one can conclude that

2, <yl) <& Ik (2:5)

In fact, the first part of inequality (2.5) follows directly from Theorem 1
by choosing g(x)=x"*'. The proof of the second part is given in |10,
Theorem 81, p. 101].

THEOREM 2 (Bartelt and Schmidt [2]). Iff€ C()—I1,, then

M, (f) = max{j| p|l: sgn ,(f)(x) p(x) < 1 for x € E,,(f)}.

THEOREM 3 [7]. Let f€C"**(I), with fU*"(x). f"*2(x)#0 for
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x€l If Q,,, is determined by E,(f) as in (2.2), and if a,, , is the coef-
Sicient of x"*' in Q,. ., then

(a) 1@n+1ll < M(f), (2.6)

(b) LA AR (2.7)
and

(c) n+ 1L <M (f) (2.8)

The next theorem will be utilized below to estimate the location of extreme
points of the error curves for certain rational and non-rational functions.

THEOREM 4. Suppose that R >0 and |S|> 1 are fixed real numbers.
Select N such that for all n>N, R(n+2)—{(S|+1)>0 for all x€L
Define the rational function r, by

(o) :

_ , L
Re+)+s5—x €

Then there exist constants R and S not depending on n and a natural
number N such that

Rng M, (r,)< Sn, n>N. 2.9)

Proof. The set of extreme points E,(r,) of e,(r,) consists of precisely
n + 2 points. Label these points as

L= Wi W< < WE WL, = 1.
If Q7. is as in (2.2), then
no WD) =sgne,r )W), i=0.n+ 1. (2.10)

Let aff, , be the coefficient of x"*' in the Q7 , defined by (2.10). Inequality
(2.32) in 5] shows that ||Q%, || < An, where A does not depend on n. Since
(2.7) implies that 2" <|a}, |, an examination of the proof of Theorem 3 in
|5] reveals that (2.9) will follow providing

lan i <uz”, (2.11)

where u is independent of n. The remainder theorem for classical Lagrange
interpolation |3, p. 60] implies that

en(rn)(x)__ n . r;"*‘”(é) n+1 o 2 15
len(r)l 9inlx) = (n+ D el ,Uo (e —wj), (2.12)

J#i
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where £ is between x and an appropriate wj, and g}, is defined by (2.1),
i =0,..,n+ 1. Evaluating (2.12) at w} yields

g
G DU e b 8 =D

J#i

sgn e,(r)(wi) — g, (wi) =

Comparing g7, and Q7 , (also see [5, Eq. (2.17)]) gives
n+1
ain) = Qny(¥) —any, [ Gx—wp). (2.13)
j=0
Jj#i

Evaluating (2.13) at w} and utilizing the above yields

n riln * ”(éi)

ah,, = . 2.14
T Dl e, @19
For any f€ C"*1(I), it is known that
_ f("+”(§)
e (N = T (2.15)
where —1 < £ < 1 (see [10, p. 78]). Consequently (2.14) implies that
n ri,"+l)(§i)
ap =2" W,
where —1 < ¢&;, ;< 1. Therefore
((S—n)/Rn+2))+1 ]””
n=2" ' : 2.16
e =Y (e Rm D)+ @19

Equality (2.16) implies that

1+(S|+ 1)/R(n+2)]"“_

lanal<2” [1 — (S| + 1)/R(n+2)

Therefore there exists an N* such that for n > N*,

Sl+1
|a:+1|<2"“e"p <2| L+ )

R

Consequently, for all n>17 =max(N, N*), (2.11) is verified with u=
2exp(2(( S|+ 1)/R)).
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The superscript notation of Theorem 4 was utilized to emphasize the
dependence on dimension. Hereafter this dependence is assumed and conse-
quently the superscripts are omitted.

In Section 3 we define F, a class of non-rational functions which includes
the exponential function. In Theorem 6 of Section 3 we establish that M ,(f)
is of precise order n if fE€ F. The steps we take to prove this result are:

(A) identifying a rational function whose error function has extreme
points sufficiently close to those of e,(f), and

(B) using Theorem 4 above.

The following theorem estimates the closeness of the extreme points of the
error functions for a certain pair of rational functions and provides a bridge
to establishing (A).

THEOREM 5. Let a > > 0 be constants not depending on n. Define

|
Unlx) = an+2)+2—x
and (2.17)

1
V"(x)zﬂ(n+2)—~2~x forxel

Jorxel

where n is sufficiently large so that the denominators of U, and V, do not
vanish on I. Let

—l=yy<u < <u, <up,, =1
and
—l=pv,<v,; <<, <V, =1
be the extreme points of e, (U,) and e (V,), respectively. If z; and {; are given
by (2.4), then
(i) z; <u; <v; <&y i=1,.,n (2.18)
and

U —
z;i— &y

(i) <

A
Z,  i=le,n, (2.19)
n

where A is independent of i and n.
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Proof. Select N such that for all n > N, U, and V,, are defined for x € I.
Then

U(rl+2)(x) n+ 2
u == —. 2.20
Um0 e+ D+2—x < a (2:20)
Also
(n+2)
Vit 2(x) n+2 1 2.21)

VE)  Bnt2)—2-x B

Thus (2.20) and (2.21) imply that

(n+2) (n+2)
U, < v

(n+1) (n+1) °
Uﬂ Vn

and (i) now follows from Theorem 1 and (2.5).

To prove (i), first let 4, =a(n + 2)+ 2 and A, =f(n + 2) — 2. As in [10,
p. 36], if T = 1/4 and &,(7),..., £,(7) are the interior extreme points of the error
curve for the rational function 1/(4 — x), then

d (o) _ 1- &)
dt p/1-(1—tg@)+ (1 -1
Let 1, =1/A,, 1, = 1/44. Then
lo; —u;| =18(me) = &(x,)ls  i=1 2,
Utilizing the mean value theorem and (2.22) yields
1-¢&i(9)
ny 11— —t@E)) + (1 —7)

where 7, < f < 7. From the definitions of 7, and r; we obtain

i=leon (222)

lv; —u;| = |7g — 7] (2.23)

1 1

A

it +2 " “Bmr2—-2°

Hence (2.23) implies that there exists a positive constant ¢ not depending on
i or n such that
1-8(@) (@—B)n+2)+4

un [a(n +2)+2][B(n+2)—2] |’

v;—u] <



162 HENRY, SWETITS, AND WEINSTEIN

Therefore to establish (ii) it is sufficient to show that

[1-&®)]

< An, i=1,2,.,n 2.25
|Zi“Ciw1| = ( )

where A is independent of i and n. We note from (2.22) that &;(r) > 0O for
0<7t<4$, and therefore ¢&(t,) < E(F) < &(tg)s i=l,,n. That is,
u, <& <vy, i=l,.,n.

Now let i = 1. Then from part (i) of the current theorem, &,(f) < v, <{,,
which in turn implies that |&,(f)| > |{,|. Therefore

1-¢H(D) < 1=
|z, =Gl |1 —cos(1/(n + 1)) x|
sin’(n/n)

(2.26)

T 2sin(12(n + D) 7]

Since the right-hand side of (2.26) is bounded independent of n, (2.25) is
satisfied for i = 1.

Next suppose that 2 < i< n. Applying (2.4) and the mean value theorem
to the left side of (2.25) yields

1 - &)
[sing;||n+ b —i]

(n)(n+1). (2.27)

where
i—1 cu < i
—n ——— T
n Hi n+1

(2.28)
If 2 i< n/4, then the remarks below (2.23), part (i) of the current theorem,
(2.27), and the observation that sin x is increasing on [n/n, (n/(n + 1))(n/4)]
yield
L —&(f) 1-¢
- N«
[sing;||n+1—i n(n+ < |sin((i — 1)/n)=||n+ 1 —ij
sin’(i/n) n

=T —Dymamsi=q ety

2n(n + 1) ) n
<—, =2, = 2.29
nyl—i [4] @29

n(n+1)

Now assume that n/4 < i< 3n/4. Then from (2.28),

/A=t o B4l

n n+1

’
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and consequently for n sufficiently large

1-&()
|sing,||n+1—1i|

(nt+1) (2.30)

n(n+1)<2(n+l_l_).

Finally, the analysis needed to achieve (2.25) for 3n/4 i< n closely
parallels that given above (2.29). Combining this observation with (2.26),
(2.29), and (2.30) establishes (2.25) for i = 1, 2,..., n. Inequalities (2.24) and
(2.25) imply conclusion (ii). 1

Remark. Inequality (2.24) implies for the rational functions U, and ¥,
that max, ., , |u; — v;| = O(1/n?). For a =f in (2.17), (2.24) implies that

1
—v.l=0{=). 2.31
s =l =0 (35) @3

Thus the maximum distance between corresponding extreme points of e, (U,)
and e,(V,) is O(1/n?). This distance is to be contrasted with the maximum
distance between corresponding extreme points of T, and T,,,, which is
O(1/n). Equation (2.31) demonstrates an even more striking comparison for
a = f. Utilization of (2.31) will provided concise estimates to the location of

the extreme points of e,(f), where f(x)=e".

3. A CrLass oF NON-RATIONAL FUNCTIONS

In this section we show that M,(f) is of precise order n for fE€ F, a class
of non-rational functions which includes the exponential function f(x) = e*.

DEFINITION 2. Let F be the set of all f& C®(I) satisfying

(a) SP(x)#£0  on [
and
1 f(n+2)(x) 1

for all n sufficiently large, where a > f > 0 are constants depending on f but
not on n.

THEOREM 6. Let f€F. Then M, (f) is of precise order n.

Prior to effecting the proof of Theorem 6, necessary terminology is
introduced, and three lemmas that facilitate the establishing of Theorem 6
are proven.
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For any fE€F, let E,(f) = {x;}'*,, where
—l=x<x; < <x, <x,,,=1. (3.2)

For the extremal set (3.2), q;,, i=0,..,n+ 1, and Q,,, are defined as in
(2.1) and (2.2), respectively.

LEmMA 1. Let f€ F. Then there exists a § not depending on n such that

(n+1)
'ﬁ <p (3.3)

Jor every &, n € L

Proof. Without loss of generality assume that f®*?(x)>0 on I
(otherwise replace f by —f). By first assuming that f"*(x) > 0 on I we can
show that

(n+1) é n+ D R
.‘;(n+l)((77; <f‘f(‘n+l)(E_1)) e ?

for every ¢, n € 1. Similarly if we assume that £ "(x) <0 on I, then we
can show that

SO LD
ST ) S 7@ S

By selecting § = e*® we have established (3.3).

2/a

N
N

LemMA 2. Let U, and V, be the rational functions defined in Theorem
5. If fE€ F with extremal set (3.2) and if f™+V(x)f"+?(x) > 0, then

zi<u,~<x1<v,~<(:,~, i= I,...,n. (3.4)

Proof. Without loss of generality, assume f"*?(x) > 0 for x € I. Then
by (3.1)

1 f(n+2)(x) 1
@ S S E

N

Thus (2.20) and (2.21) imply that

U(n+2)(x) f(n+2)(x) V(n+2)(x)
U(n+l)(x) < f(n+1)(x) Vf[n-«»l)(x)'

Theorem 1 and (2.18) now imply (3.4). W
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LEmMMA 3. Let U,, V,, u;, v, f, and x;, i=0,2,..,n+1, be as in
Lemma 2. Then there exists constants A and B not depending on i or n and a
natural number N such that

A
[u; — x;| < 7|x,~—xj|, Jj#i, i=01l.,n+1, (3.5)

A
|u,—xi|<27|xj—u,-|, i=0,..,n+1, j#i (3.6)
and

B
lu; — x;| < [l+—n~]|x,.—uj, i=0,.,n+1, i#]j, 3.7

Joralln>N.

Proof. We first establish (3.5). If i=0 or n+ 1, (3.5) is immediate.
Suppose 1 < i< n By (3.2) and (2.18), it suffices to show (3.5) for j=i— 1
and j=i+ 1. Suppose j=i— 1. Then by (3.4)

X=X =G —x )+ =)+ W —z) + (x;—uy)

2z;—§
Z'—C'_1
> —u) [————1|.
v; — U
Therefore
v, — U, X, —u
L > .1 >0, i=1l..,n
z;i—=8 T X —x,

Now this inequality and (2.19) imply that

X, — U,
1 ]
—<
Xi— X1

A .
-, i=1,.,n;
n

thus for j=i—1, (3.5) is proven.
Now suppose j =i+ 1, where 1 i n— 1. Then
Xpp1 =X =0, =X+ G =0+ 2 — Gt u — 24y
+ X — Ui i=1,2,.,n—1.
Therefore
X1 =X 2 (20— )

X;—u; z;—¢._
>t 2 (2, — ()

v 2=,

640/37/2-5
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Hence

Zi=Cia Vi—W Xi U

> .
Zig =8 ;=G X — X

(3.8)

But (z; —¢;_)/(z;;,—{;) is bounded independently of » for i=1l,.,n—1.
Now (3.8) and (2.19) imply for j=i+ 1, i=1,..,n— 1, that

; A
it M S ket W 3.9
Xy =% 1 39

X

i—Uu

where 4, is independent of i/ and n. The proof of (3.5) will be complete if

X, —Uu A
Bl Nl AP qiiat (3.10)
Xpy1— Xp n
where A, is independent of n.

Note that since x, and x,,, are not separated by any extreme point of
either T, or T, ,, a different argument than that given to establish (3.9) is
required. For n sufficiently large

X, —Uu v,— U,

n n

xn-H—xn\ lﬁvn
z(vn—un)

L — 311
< (3.1)

By employing (2.24) and the observations below (2.25), (3.11) implies that

Xg— Uy — l—éi(f) . Bl

Xppr— X, l—vy n?
1-z2 B
<7 o7
l—-v, n
1 B
<5 7}— (3.12)

where B, and B, are independent of n. Let
ha(x) = A2 — DY T, (x) + (Apx — 1) Ty(x),
where 4, = f(n + 2) — 2. Then
h,(v)=0, (3.13)
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i=1,..,n (see [10, p. 35]). Also
12, < B3n?, (3.14)

where B, does not depend on n. On the other hand, (3.13) and Eq. (2.25) in
{5} (@ =4,) show that

(1 —0vl) hi(v,) > an?, (3.15)

where @ > 0 does not depend on #.
From (3.12),

Xn — Uy h;l(vn) BZ

Xn+1 — Xy h (l - l)i) h:r(vn) . nd '

Utilizing (3.14) and (3.15) in this equality establishes (3.10), where
A,=B,-B,/a. The proof of (3.5) is completed by selecting
A =max(4,4,,4,).

To prove (3.6) observe that by (3.5)

A
= x| < lx =l ke
A
< " (lup — x| + [ — )
This inequality implies that
A A .
<1—7>|ui—xi|<7|xk—ui|, k+#1.

Thus (3.6) follows for n sufficiently large.
We now prove (3.7). From (3.5) and (3.6) we have that

lu; — ;] < |u; — x| + | x; — x5

< (1 +%)(|xi'—uj|+|uj_xj|)

A 24
n n
B

< (1 +7)|x,-—uj|

for n sufficiently large, where B is independent of i and n. |
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The above lemmas are now utilized to prove Theorem 6.

Proof of Theorem 6. Let f& F. Without loss of generality we may
assume that f™*?(x)> 0 for x €1 For this part of the proof we also

assume that f"*P(x)> 0 on I.

Let U, be the rational function defined in (2.17). Then (2.9) is valid for n
sufﬁc1ently large. Let g¢;,,€l,, i=0,1,..,n+1, be the polynomial

satisfying (2.1) for U,. Then by (2.3)

M (U )_ max qu“

As in (2.13),
n+1
9in(¥) = @ 11(X) — @y, ]—l (x —uy),
Jai
where Q,, ., is defined in (2.10) for U,. Equation (3.17) implies

]_L (x—u)|.

J#i

19iall +1Qnssll > 1@nsi|  max

Therefore (2.6), (2.7), (2.9), and (3.16) yield

n+1
ma 2" —u;|=0(n
12, max 2" [T lx—wl=00).
j:tt

(3.16)

(3.17)

(3.18)

Let the extreme points for e,(f) be given by (3.2) and let P,, satisfy

Pln(xi) = sgn en(.f)(xi)’ i+l
and (again using (2.3))
Mn(f) = ”Pln”

(3.19)

By (3.19) and the classical remainder theorem for Lagrange interpolation,

e,()x) _ o "ﬁ' (x—

P =30 " Tl T 1 |

}#I

where —1 < £ 1. From (2.15) this may be written as

()0 ST L, T
T~ 7oy 2 L1 =

Jstl

Pln(x) =
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where —1 <7< 1. Lemma 1 now implies that
. n+1
1P <B2" TT [x—x;| + L.
f=0
Jj¢l
Thus

n+1

|P(up) < B 2" n |y —x;] + 1, (3.20)

j=0
j#l

where k=0, 1,...n+ 1, k# L
But Lemma 3 now implies for n sufficiently large that

n+1i
2" r[ |uk“‘xj'
j=0
j#l
n+1
= Uy — x| 2 r[ |y x;|
j=0
Jzk,l
B n n+tl
<l — x| (1+_‘) ﬂ |, — w27
n j=0
j#k,l
A B n n+1
<——(1+—-) [x, — x| ]—[ |%, —u;| 2"
n n =0
J#k.t
A B n n+1
<7 (1 +—‘) (xe — | + u,—x]) - H |x, —u;| 27
n -0
JEk,l
A B n 2A n+1
Jtk,l
2A n+1
<—e® T Ixc—u| 2"
n j=0
J#k
This inequality and (3.18) now establish that
n+1
2" r[ [y — x| (3.21)
j=0
J#l

is bounded.
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Now (3.20) and (3.21) imply that
| P (u ) < a, k=0,1,..,n+1, k#1L

where a does not depend on n. Therefore we may without loss of generality
assume that

Sgn en(Un)(x) Pln(x)/a < 1’ X e En(Un)

(otherwise replace P,, by —P,). Consequently Theorem 2 implies that
| Pl < aM(U,). That is, M, (f) < aM (U,) = O(n). This inequality and
(2.8) now imply for f"*P(x) > 0 on I that M,(f) is of precise order n.
Next suppose f"*V(x) < 0 on I. Define g,(x) by g,(x)=(—=1)"**f(—x).
Since for any function h € C(I), M, (ah) = M, (h), M, (g,) =M, [(—-1)"** g,].
Clearly gi"*?P(x)=f"*?(—x)>0, and g"*V(x)=—"*P(—x)>0.
Therefore the proof of the first part of Theorem 6 establishes that M,(g,) is
of precise order n, and hence M,[(—1)"*2g,] is of precise order n. Define h
by h(x)=f(—x), x € L. Let P, be the polynomial that interpolates e,(h) at
all but one point of E (k) and satisfies || 2,,|| = M, (h). Then a brief argument
(utilizing the fact that E,(f)= E,(h)) establishes that max _,,, |Py(—x))
= M,(f). Since max_, ¢, | Py, (—x)| = max_, ., |B;n(x)|, we have that

M (f) = M,(h);

but M,[(—1)"*?g,| =M,(h). Therefore M,(f) is again of precise order
n.

The next theorem is an immediate consequence of Theorem 6, (2.17), (3.4)
and the remark following Theorem 5.
THEOREM 7. Let f(x)=e*, x € 1. Then
(a) M, (f) is of precise order n.
(b) Ifv,<v,< - <wv, are the zeros of the polynomial
n(n? — 1) T,(x) + (nx — 1) T4(x),
and if x, < x, < --- < x,, are the interior extreme points of e,(f), then

B
O<v,—x;< Pl
where § is independent of n.

Theorem 7 provides an estimate of the locations of the interior extreme
points of the error function of f(x)=e*. We note that historically the
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extreme points of either T, or T, have been used to estimate the location
of the extreme points of the error curves e,(f) for functions satisfying
ST P(x)# 0, x €I [14]. Theorem 7 provides a much tighter estimate to the
location of the extreme points of the error curve for f(x)=e*. A similar
result is immediate for ¢**, a # 0.

A companion to Theorem 7 can be established for every f€ F. In this
latter setting the polynomial replacing that given in Theorem 7 is more
complex (see (3.13)), and the distance between corresponding extreme points
is O(1/n?).

4. RELATED RESULTS

A number of observations of independent interest follow from the results
established in Sections 2 and 3.

THEOREM 8. Let fEF with extreme set —1 =x,<x, < - <X,,, =1L
Then

n+1

n —_x. .
e, 27 [T b= @1

is bounded.

Proof. Let x* € (x;,x;,,) be the value for which (4.1) is a maximum.
Let g, and @, ., be defined by (2.1) and (2.2), and let a,,, be the coef-
ficient of x"*'in Q,,, ,. Then as in (3.17),

n+1
(X*_xi)qin(X*)=(x*_xi)QnH(X*)“’anH r[ [x* — x;].
j=0

This equation and (2.7) imply that

n+1

2" TT Ix* = x| < 2|x* — x| M(f). (4.2)
Jj=0 .

But (3.4) and Theorem 6 imply that the right-hand side of (4.2) is bounded
independent of n. This observation completes the proof. 1

We note (4.1) implies that

n+1 1
max [] |x—x)|=0 (W) 4.3)

—1<x<1 g
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It is known (3, p. 61] that

n+1
1
min max || X —X;| = — 4.4
(Xguewss Xpi) —l<x<l i I Jl 2n+l’ ( )

and that the {¢y,t,,..., £,.,} for which the minimum is attained are the n + 2
zeros of T,,,. Equation (4.3) suggests that the extreme set E,(f) of the
error curve for any f€ F nearly produces a minimal monomial in the sense
of (4.4)

THEOREM 9. Let fE€F, and let E, (f)= {Xg,..., X, .} be the extreme set
Jor e,(f). Define P, € [ 1o,y by
P (x) =f(x:)-
If e, \(f)=S— By \([), then,
If = Pasall

<K,
llen 1
where K is independent of n.

Proof. By the remainder theorem for interpolation

f("+2)(é) n+1
o L e

Let x* be a point for which [f(x*)—P,, (x*)=|f—P,..l|. Then by
(2.15) and (3.3),

Sx)= Py () =" —-1<¢é<1.

If(x*)_Pn+l(x*)| 5 +1 sy
=f2" * x|,
oo P T

An application of Theorem 8 completes the proof. 1

We note heuristically that Theorem 9 says interpolation at the extréme
points of e,(f) is asymptotically as good as best approximating f by
polynomials of degree at most n + 1.

THEOREM 10. Let fEF, and let E (f)={xgpesXpsr} If Quy1 s
defined by E,(f) as in (2.2), then

e.(/)
llea (O

where K is independent of n.

lewl
Ent1il 4.5
<Kl *5)

_Qn+1
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Proof. We first note that

e (f)x) B AGE O N )
I~ 2 = e T+ 2) ,-Uo (x—x), —l<p<l

Again using (2.15), (3.3), and (4.1), we deduce (4.5). 1

If |e,..l/lle,)l =0, then (4.5) implies that, asymptotically speaking, the
behavior of Q,,, resembles the behavior of T,,,. We also observe that if
| £ 2 (m)/f "+ P(€) is bounded, —1 < #, € < 1, independent of , then (2.15)
implies the right-hand side of (4.5) is O(1/n).

5. CONCLUSION

In the present paper the precise order of the strong unicity constant M,(/)
for any f from a particular class of functions F is shown to be n.
Additionally, characteristics of the extremal sets E,(f) are examined.

The results of Sections 3 and 4 strongly suggest that if E, (/) contains
precisely n + 2 points, then the Lebesgue constant, 4,,, [12, p. 89] deter-
mined by E,(f) is of precise order log n if ad only if M,(f) is of precise
order n.
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